R.6 Radical Expressions and Equations

Our goal in this section is to merely provide a brief review of radicals and radical equations. For a
more expanded discussion, refer to a full treatment of radicals in chapter 8.

We begin by simply reviewing the definition and simplifying of radicals.

Definition:

If a> 0 and n is positive, then a% is called the nth root of a. The value of a% is a number
such that the nth power of the number gives you a.

Example 1:

Evaluate the following.
a. 49% b. 8}/3 C. (— 4)% d. (— 27)%
Solution:
a. We want a number that when we raise it to the second power we get 49. Since 72 = 49,
we have 49% =7.

b. Here we want a number that when raised to the third power will give us 8. Since 23 =8,
we have 8% =2.

c. This time we need a number that when it is raised to the second power we get a —4.
There is no such number since anything to the second power would be a positive.
Therefore, we say (— 4)% is not a real number.

d. Lastly, we want a number that we can raise to the third power and get —27. Since we
have an odd power here it is possible to get a negative. Therefore, since (-3)% = 27, we

have (- 27)% = -3.

As it turns out, all of the properties and rules that we had for exponents before will still work when
the exponent is a rational number.

A more widely used notation for nth roots is the radical.

Definition:

If & is a real number, then a% = Q/a, n is called the index, \/_ is called the radical symbol
and the expression underneath the radical is called the radicand.

This radical notation is going to be used frequently throughout the rest of this text.

Note: If there is no index on the radical it is assumed to be a two, we call it a square root.

Rule for Radicals: ar% :arm}/n :(am% =%/a" and ar% = a%'m :(a%jm :(Q/a)m




So we can see from this that we can easily change between radical and exponent notation. We
simply need to remember that the index is the denominator and vice versa.

Example 2:

Rewrite in the alternate notation.

2
a. 5}/2 b. —BaA c. 4y’ d. 2yvx®
Solution:
a. By the above definition, we know that the denominator becomes the index. However,
when the index is 2, we need not write it. Therefore, 5% = \/g

b. On this example we need to be careful. Remember that the exponent only goes with the
object right before it. In this case that means that the % only goes with the a. So the —

3 will remain out in front of the radical expression. Also, 5 will be the index, since it is the
2
denominator. So we have —BaA =-3%a’.
c. This time we are trying to go back to the exponent notation. Notice that the entire

expression 4y’ is under the radical symbol. That means that the exponent will go to the
entire expression 4y’. Since the index becomes the denominator we have

Jay” =(ay")".

d. Lastly, we notice that the x2 is the only part under the radical. Therefore, the 2y will not
have the rational exponent on it. So since we see no index, we know it is a 2. Therefore

we get 2y\/? = 2yx%.

The reason this switching back and forth is important is because it is a very useful way of
simplifying a radical.

We need to be able to simplify radical no matter how complicated. For this we need the following.

A radical is in simplest form when:

1. The radicand has no factors that have a power greater than the index.
2. No fractions are underneath the radical.
3. No radicals are in the denominator.

In order to deal with part one of the rule we will need the following property.

Product Property of Radicals

If Ya and Q/B are real numbers then, Ya-b =Q/5Q/B

Let’s take a look at simplifying radicals with a few examples.



Example 3:

Simplify.

a. \x’y®z° b. 3/-216x°y™ c. 464x°y'%z"

Solution:

a.

C.

Because of the nice relationship between radicals and fractional exponents, we should try
to find a way to make the powers under the radical become multiples of the index. If we
do so then they would easily simplify. Since there is no index shown, itis a two. So let’s
rewrite each variable as having a power that is a multiple of two, times whatever else we
need. We do so as follows

Yz = /xxy®z%z

Now we can group together all of the parts that have the “nice” powers in the front and all
the extra stuff in the back.

JExyez%z = \[x?y°z%(xz

Using the product property for radicals we get

\/Xzes \/Xzes

Notice that we can now simplify the front part as we did in example 1.

JX2yez xz = xzyﬁzg)y JIxz
= xy’z*/xz

All the powers under the radical are smaller than the index and so the radical is
simplified.

We will start by prime factoring the 216: 216 = 2°-3*. Now we continue as before, that
is, make everything in the radicand have a power that is a multiple of the index times the
left over stuff. We proceed as follows

i/—216X5 10 \/ 23 .33y 3y9(X2y)
:%/_23.33X3y93 X2y
:(—23-33x3y9)%3\/x7y
= -2.3xy°3/x?y
= -6xy*3/x7y

Notice, since the index is odd, the negative under the radical can just be carried out since
we know that answer will be negative.

Lastly, we proceed as we have for all the other examples.
\/64)(8 10,15 \/26X8 10,15

_ L{/24X8y8212(22 y223)
_ \/24 Xsyazlz z{/22 yzzs

( Xsyszlz)%m
= 2x%y°2° 4fay?2®




So again, the key to the first part of simplifying radicals is to rewrite the powers under the radical
as multiples of the index. The remaining parts we can deal with when we revisit division of
radicals.

Therefore, next, we need to take a quick look at performing basic operations on radicals.

In general, doing operations on radicals is done in the same manner as polynomials are. For
adding and subtracting, we simply need to “combine like radicals”.

Definition: Like Radicals
Two radicals are like radicals if they have the same index and same radicand. That is, if
everything after the coefficient is exactly the same, then the radicals are like.

Of course, in order to tell if two radicals are like, they first need to be in simplest form.
So to combine like radicals we just add or subtract coefficients, just as we did for polynomials.

Example 4:

Perform the indicated operations.

a. 3y +12,/y b. ~/18b —~/75b
c. 2¢32x2y° — xy,/98y d. 23/24x3y* +4x3/8ly* —3y3/24x3y

Solution:

a. Notice first that these are like radicals. So we simply need to add the coefficients to get

3/Jy +12,/y =15./y

b. First we need to simplify each of the radicals as we learned in the last section.

V18b —/75b =+/9-2b —+/25-3b
—3J2b —5\30

Since the radicand is different, the radicals are not like. Therefore we cannot combine
them and we are finished with the problem.

c. Again, we will simplify the radicals and combine them if they are like.

2,/32x2y% — xy,[98y = 2,/16x%y2(2y) — xy[49(2y)
=2 4xy\/2—y - 7xy\/2—y
=8Xy,/2y — 7xy/2y
= Xy,/2y
d. Lastly, we proceed as we did above, simplifying and combining.
23/24x%y* +4x3/8ly* —3y3/24x°y = 23/8x°y*(3y) + 4x3/27y*(3y) - 3y3/8x° (3y)
=4xy3/3y +12xy§/3_y—6xy3\/§

=10xy3/3y




For multiplying radicals we really want to use the product property discussed earlier, backward,

that is as Q/a . Q/B =X/a-b. This means to multiply radicals, we simply need to multiply the
coefficients together and multiply the radicands together. Then simplify as usual.

Example 5:

Multiply.
a. \/5x%y - /10x%y* b. 4/36a%b* -{/12a°b?

Solution:

a. We simply multiply the radicands and simplify.
\/5x3y -\/1Ox3y4 = \/50x6y5
=/25x°y*(2y)
=5x°y? 2y

b. Again, we proceed as above.
436a%b* -412a°0° =4/432a"0’
_ L{/24a4b4(33 asbs)

= 2ab ¥/27a°%b®

Now, in order to multiply expressions containing more that one term, we will simply multiply as we
did with polynomials in the past. That is, we multiply each term in the first expression by each
term in the second expression, and simplify.

Example 6:

Multiply.

a Jyly -5) b (v2x +4f
c. (V14 -3Jv2 +4) a. (V2x-3(yJv2x +3y)

Solution:
a. Since we are to multiply as we did with polynomials, we need to use the distrubutive
property here. We must always keep in mind, though, that to multiply radicals we multiply
the radicands. So we get

ST )= 5.5 -5 5
=y’ -5y
=y -5y

b. In this example we have to remember that we cannot pull an exponent though a set of

parenthesis if the operation inside is addition or subtraction. Instead we need to write out
binomial twice and then multiply out as we did before. That is with either the FOIL



method or multiplying each term in the first expression by each term in the second. We
get

(2] bz cak

vy v_v
= 2X\2X + 43/2x + 42x + 4- 4
= 4x? +8J/2x +16

= 2Xx+8+/2x +16

c. This time we simply proceed like we did in part b. Multiply each term in the first by each
term in the second. This gives

(V14 -3)V2 + 4)= V142 + 414 ~3/2 - 3.4
=28 +414 -3J2 -12
=247 +414 -3J2 -12

d. Again, proceed like we did above.

(V2x -3y JV2x +3Jy )= v2x~/2x ++/2x -3,y —3/y+/2x -3y -3,y
= Jax? +3/2xy —3/2xy - 9,[y?

=2Xx-9y

To divide we need to start with the following property.

Quotient Property of Radicals

a YVa
If {Ya and Q/B are real numbers then, n\/: = \/_
b b

We will now need to deal with the second and third parts of the simplifying rule given earlier. It
should be clear that to deal with the second part (No fractions are underneath the radical) we
simply use the quotient property of radicals stated above. However, to deal with the last part is a
little more complicated.

Most of the time, we will not just be able to use the quotient property and be done. Mostly, a
radical is left “stranded” on the denominator. To deal with this we use a process called
rationalizing the denominator. In general, we have the following rule.

To rationalize the denominator we multiply the numerator and denominator by something that
will clear the radical from the denominator.

We will need to call upon all that we have learned thus far about radicals to do this rationalizing
the denominator.



Example 7:

Simplify.

L L Y LA L 3 . 3Vx -4y
Jax Y Y S 2-43 7 3Ux+ay

Solution:

a. To rationalize the denominator we need to multiply the numerator and denominator by
whatever it takes to get the radical to drop off. In this case we can use +/2X . Since we

can notice that \/ﬂ . \/2_ =/4x* =2X. Sowe proceed as follows
1 J2x  +2x
V2xV2x  2x

b. Again, we will split the radical to begin the problem. This time, however, we will need to
simplify both numerator and denominator before we think about rationalizing the
denominator. We proceed as follows.

3\/@:@
y’ 3y’
3ye(y)
_2¥2
vy ly

Now we need to rationalize the denominator. Remember, we will need to multiply by
whatever it takes to get the radicand to have a 3™ power (so that it will match the index).

We see clearly we will need a 3/ y2 . So we get
2232 3fy? _2 3/2y?
v lylyt oyl
_2z3/2y°

3

y

We can do no more reducing. Therefore, the radical is completely simplified.

c. Lastly, we notice that the radical in this example does not simplify. Therefore we will
merely have to rationalize the denominator and reduce. Since this time we have an index
of 4, we will need to make each value in the radicand have a 4" power. We know that

4 =22 So we clearly use V4u® . We get



3u” 4fau®  3u? Yau®
3u? Yfau®

2u
_3UW

2
In the last step we canceled a u on top and bottom since they we both outside the radical.
We must always make sure we do any canceling that is possible to ensure that we end
up in simplest form.

d. Inthis case, we need to multiply the numerator and denominator by what is called the
conjugate of the denominator.

Definition: Conjugates

The expressions a\/B + C\/E and a\/B —cC+/d are called conjugates. Conjugates always
have a product that is “radical free”.

So, the conjugate of the denominator is 2 + \/§ . So we get
-3 -Ezwﬁg_ —6-3/3
(2-+3)- 4+243-2J3-3
_—6-33
==
= —6-33

Now that we have no more common factors and all radicals are simplified, the expression
is completely simplified.

2+\/§

e. Lastly, we rationalize as we did above.

(Bx—4y) 9x—12,/xy -12\/xy +16y
BVx-4Jy) 9x—12,/xy +12,/xy —16y

_ 9x-24./xy +16y
~ 9x-16y

Since the operation on the numerator and denominator is subtraction, we cannot cancel
the 9x or the 16y. Remember, we can only cancel under the operation of multiplication.
So we have fully simplified the expression.

Now, let's have a quick review of the complex numbers. Recall, that we cannot have a negative
under a square root, since the square of any positive or negative number is always positive. In
this section we want to find a way to deal with an expression that does have a negative under a

square root.

We start with the following definition




Definition: The imaginary unit

The imaginary unit, i, is defined as i =+—1. Therefore, i? =—1.

Also, we can notice that i® =i?-i=-1-i, i*=i*-i’=-1--1=1land i°=i*-i=1-i=i.

So we can easily simplify any power of i since every 4t power is just 1. Also, we can see that
we should always end up with an expression that has a power of i that is at most 1.

More importantly, since we are now dealing with a negative under a square root we need to know
how to properly simplify radicals with this in mind. So we have the following property.

Property of negative square roots

J-c=v-1.c=J-1Jc=ive

We use this property to simplify square roots that contain negatives.

Example 8:

Simplify.

a V-9 b. —75 c. \25 —\—147
Solution:

a. We can simply use the property to simplify as follows
J-9=iv9
=i-3
=3i

b. Again, we can “remove” the negative from under the radical by pulling it out as an i and
then simplify the resulting expression. We get

J-T75 =75
=i425-3
=i-53
= 5iy/3

Note: Textbooks differ on the position of the i in a problem of this type. Most put the i in
the back of the expression. However, we choose to put it between the coefficient and the
radical to remove any possible confusion of whether or not the i is under the radical. If

we were to write as 5\/§i it can appear that the i is part of the radicand.

c. Again, we will pull or the i and then continue to simplify.

V25 - =147 = /25 —i147
— 25 —i/49.3
—5-7iJ3

Since we do not have like radicals we cannot combine the remaining terms and thus are
finished.



Now that we have a familiarity with the imaginary unit, we can introduce the number system
which it generates.

Definition: Complex Numbers

A number of the form a + bi, where @ and b are real numbers and i =+/—1 is called a

complex number. a is called the real part and b is called the imaginary part. A complex
number written with the real part is first and the imaginary part is last is in standard form.

We want to be able to perform basic operations on these complex numbers. Its actually very

simple. We simply need to remember that i is really a radical and i =—1. With this in mind,
we can simply add, subtract and multiply as we did in the earlier part of the chapter. We simply
need to make sure that we simplify all of our powers of i .

Example 9:
Perform the operations. Put your answers in standard form.
a. (~10+2i)+(4-7i) b. (-21-50i)-(2+10i)  c. 10i(8-6i)
. . 17i 4-5i
d. (3+51)2-15 f.
(+IX 0 5+3i 4 +5i

Solution:
a. As we said, we can simply perform operations as we did earlier in this chapter. So that
means we need to combine like radicals. In this case, the terms containing I would be
like. So we get

(10 +2i)+(4-7i)=-10+2i+4-7i
=—6-5i
b. This time we need to start by distributing the negative, then combine the like radicals.
This gives
(- 21-50i) - (2 +10i) = —21 - 50i — 2 - 10
=—23 - 60i
c. Now, to multiply complex numbers it is actually easier to just treat them as polynomials
and then just simplify the powers of i by remembering that i’=—1. Sowe get
10i(8 — 6i) = 80i — 60i°
= 80i — 60(-1)
=80i +60
=60 + 80i

Since we wanted the answers in standard form, we needed to write the real part first
followed by the imaginary part.

d. Again, we will multiply as if these were polynomials and simplify the result. Always
remember i’ =—1. This gives

(3+5i)(2-15i) = 6 — 45i +10i — 75i°
= 6—35i — 75(—1)
= 6—35i + 75
=81 35i



e. We can simplify this problem by multiplying numerator and denominator by the conjugate
of the denominator as we did before. Then we just need to simplify and reduce.
We proceed as follows

17i (5-3i) 85i-51i
(5+3i)(5-3i) 52 +32
_85i-51(-1)

25+9

_ 51+85i
34

51 85.

=~ +—i

34 34

=—+—i
2 2

f.  Again, we simply multiply numerator and denominator by the complex conjugate of the
denominator and then simplify and reduce. Notice that the conjugate is in fact the
numerator, but we need not be concerned with that. We simply multiply it out as we
learned before. We get

(4-5i)(4—5i) 16— 20i - 20i + 25i°
(4+5i)(4-5i) 4% +5°
_ 16— 40i +25(-1)
- 16+25
_ —9-40i
oA

Finally, we need to review radical equations.

To do this we need the following property.

n-th Power Property

If a=b,then a" =b".

Basically, this property tells us we can raise both sides of any equation to any power we would
like. However, we must be careful. Be careful to raise the entire side to the n-th power, and we
must always check our answers to avoid extraneous solutions.

Example 10:

Solve.
a 5x—4=9 b, 43-x=-1 c. Ix+1=2-4x
d. V2X+5-+/3x—-2=1




Solution:
a. We can use the n-th power property to get rid of the radical. Since we have a square
root, we should use the second power, i.e. we should square both sides of the equation.
Then we can solve like usual. We get

J5x—4=9
(Vax—aJ =(oy

5x-4=81
5x =85
x=17

Now we must check our answer. We do this in the original equation. If the value does
not check, then we eliminate it and would have no solution. We get

JB7)-4 -9
J85-4=9
J81=9

9=9
Since the value checks, our solution is set {17}

b. Finally, we need to raise both sides to the 4" power since we have a 4™ root. We get

3-x=-1
(3=x) =(-2)"

3—-x=1
—-X=-2
X=2

Check:
¥3-2=-1
Y1=-1

1+-1
Since it does not check, 2 can not be a solution to the equation. Therefore, we have the
equation has no solution.

c. We can begin by squaring both sides. Must, however be very careful with squaring the

right side since it has two terms. It generally makes it easier to square properly by writing
the entire side out twice and then multiplying as we learned in section 8.4. We get

Ix+1=2-/x
(S - o

x+1=(2-vxJ2-x)

x+1:4—2J;—2J;+g&T

X+1=4—4x +x



Notice that we are left with another equation that has a radical. Therefore, we need to
isolate again and square again. In this case however, it is easier to simply isolate the
term containing the radical and the carefully square both sides. We can then continue
solving as usual.

X+1=4—4/X + X
-Xx-4 -4 - X

—3=-4Jx

Check:

41
9

Since the solution checks, the solution set is {E}

Finally, we must start by isolating one of the two radicals in this equation. We will choose
to isolate the positve one. Generally we isolate the more complicated radical in order to
eliminate it first. However, either could be isolated and still produce the correct solutions.
Once we have isolated the radical then we can square both sides very carefully and then
continue as usual. We get

V2x+5-+3x-2 =1
(V2x+5f =(vax—=2 +1f
2x+5=(Vax—2 +1JV3x -2 +1)
2x+5=(ax—2f +4Bx—2+3x-2 +1
2X+5=3x—2+2/3x -2 +1
2X+5=3x—-1+2\3x-2
—X+6=23x-2
(- x+6) =(2v3x—2f
(~x+6)(~x+6)=4(3x-2)
x? —6Xx—6Xx+36=12x—8
x?-12x+36=12x -8

Recall, to solve an equation that has a squared term we must solve by factoring. That is,
we get all terms on one side, factor and set each factor to zero. This gives




x> —12x+36 =12x -8

X2 —24x+44 =0
(x-22)x-2)=0
Xx-22=0 and x-2=0

X =22 X=2
Now we must check both answers and keep only those which work

Check:
J2(22)+5-/3(22)-2 =1 J2(2)+5-43(2)-2=1
Va4 +5 /66 -2 =1 Jais5-J6-2=1
V49 - /64 =1 J9-4-=1
7-8=1 3-2=1
-1#1 1=1

So, 22 does not check but 2 does. Therefore, the 22 is an extraneous solution. So our
solution set is {2}

R.6 Exercises

Evaluate.
1. 472 2. 167 3. (-8)% 4. (-64)5
5. 15 6. (—1)7 7. 16 5. 81

2 3
9. (-36)% 10. (-9)% 11. (%)A 12. (%)A
Simplify. Assume all variables represent positive values.
13. X2 14. 3fy* 15, 3a° 16. Jb*
17. /8 18. V12 19. /18 20. /158
21. x°y° 22. (x"y* 23. 3/a®b™® 24, W
25. 4/48x"y™ 26. 4/144x°y’ 27. 3/-100x°y"°z?° 28. 3/-250x'°y°7°®
29. /8 ++/18 30. /27 +2V12 31. /54x —3/16x
32. 23/6x%y —3/48x%y 33. X,/9xy? +4/xy? 34. 5bv18a’b +a+/8b°
35. 4/48 —4/243 36. 4/32t° —t 4192t 37. 3/16t* —t /54t
38. 3/6x° —3/48x° 39. 4/27a%° 4/9ab a0. 4/8x°y4[6x%y?

(xﬁ+ﬁ)2 2. (V2a +V2of 13 (Va—anf
aa. (Vox+1f s5. (Vx+2)2vx -3) s6. (2-+a)7+4Va)
(3+\/§X2—\/§) 48. (1—\/EX1+\/§)



50. (3\/ﬁ+4\/ﬁxx/ﬁ—\/ﬁ)

67.
70.

73.

76.

79.

82.
85.

49. (\/E+,B\/}X\/Z—2ﬂ\/})
51. (2(/p-3/a)/p +2/9) 52,
5 2
53. 4|7 54, F 55. s/zi
9x 4y 3y°
57, — 58 > 59. —
- J2-3 S 2+42 S Ix+1
61— 62 > 63 — >
" V2-43 52 Cx -2y
65. (17 +5i)+(18 —5i) 66. (20 —4i)+ (30 +4i)
68. (12—5i)—(13-5i) 69. (=7 +4i)4-i)
71. (5-2i)4+3i) 72. (6-3i)4+5i)
3i 2+3i
74, — 75. .
3—i 1+2
Solve.
77. V3x—-5-2=3 78. V2x-1-8=-5
80. ¥1-3x+5=3 8l. Ix*+4-2=0
83. 4yx+1—-x=1 84. WX—2+2=X
86. X+3J/x—2 =12 87. V2+9b-1=3\b

89. 3++zZ—-6=+/2+9
92. /2x+4 =3—/2x

90. V/4Xx—-3=2++/2X-5

88.
91.

(7vx =3y Jevx +fy)

[15b°
56. %—;
4a

60. 2y
2y -1
64. L
Jt+2Ju
(15-3i)— (14 - 3i)
(-5+2i)6-5i)
|
1+i
4-3i
1+i
Y4x-3-2=3
Ux*+2-3=0
JX+2=x
Ix+1=2-4x
5t =1+ /5t —1)



