
R.6 Radical Expressions and Equations  
 
Our goal in this section is to merely provide a brief review of radicals and radical equations.  For a 
more expanded discussion, refer to a full treatment of radicals in chapter 8. 
 
We begin by simply reviewing the definition and simplifying of radicals. 
 

Definition: 

If 0a  and n is positive, then na
1

 is called the nth root of a .  The value of na
1

 is a number 

such that the nth power of the number gives you a . 

 
Example 1: 
 
Evaluate the following. 

a.  2
1

49   b.  3
1

8    c.    2
1

4   d.    3
1

27  

 
Solution: 

a. We want a number that when we raise it to the second power we get 49.  Since 72 = 49, 

we have 749 2
1

 . 

 
b. Here we want a number that when raised to the third power will give us 8.  Since 23 = 8, 

we have 28 3
1

 . 

 
c. This time we need a number that when it is raised to the second power we get a –4.  

There is no such number since anything to the second power would be a positive.  

Therefore, we say   2
1

4  is not a real number. 

 
d. Lastly, we want a number that we can raise to the third power and get –27.  Since we 

have an odd power here it is possible to get a negative.  Therefore, since (-3)3 = 27, we 

have   327 3
1

 . 

 
 
As it turns out, all of the properties and rules that we had for exponents before will still work when 
the exponent is a rational number. 
 
A more widely used notation for nth roots is the radical. 
 

Definition: 

If a  is a real number, then 
nn aa 

1

,  n is called the index,  is called the radical symbol 

and the expression underneath the radical is called the radicand. 

 
This radical notation is going to be used frequently throughout the rest of this text.   
 
Note: If there is no index on the radical it is assumed to be a two, we call it a square root.   
 

Rule for Radicals:   n mnmn
m

n
m

aaaa 
 11

 and  mn
m

n
m

nn
m

aaaa 






 11

 

 



So we can see from this that we can easily change between radical and exponent notation.  We 
simply need to remember that the index is the denominator and vice versa. 
 
Example 2: 
 
Rewrite in the alternate notation. 
 

a.  2
1

5    b.  5
2

3a   c.  5 74y   d.  
32 xy  

 
Solution: 
 

a. By the above definition, we know that the denominator becomes the index.  However, 

when the index is 2, we need not write it.  Therefore, 55 2
1

 . 

 
b. On this example we need to be careful.  Remember that the exponent only goes with the 

object right before it.  In this case that means that the 5
2  only goes with the a .  So the –

3 will remain out in front of the radical expression.  Also, 5 will be the index, since it is the 

denominator.  So we have 
5 25

2

33 aa  . 

 
c. This time we are trying to go back to the exponent notation.  Notice that the entire 

expression 4y7 is under the radical symbol.  That means that the exponent will go to the 
entire expression 4y7.  Since the index becomes the denominator we have 

  5
1

75 7 44 yy  .   

 
d. Lastly, we notice that the x3 is the only part under the radical.  Therefore, the 2y will not 

have the rational exponent on it.  So since we see no index, we know it is a 2.  Therefore 

we get 2
3

3 22 yxxy  . 

 
 
The reason this switching back and forth is important is because it is a very useful way of 
simplifying a radical.   
 
We need to be able to simplify radical no matter how complicated.  For this we need the following. 
 

A radical is in simplest form when: 
1. The radicand has no factors that have a power greater than the index. 
2. No fractions are underneath the radical. 
3. No radicals are in the denominator. 

 
In order to deal with part one of the rule we will need the following property. 
 

Product Property of Radicals 

If n a  and n b  are real numbers then, nnn baba   

 
Let’s take a look at simplifying radicals with a few examples. 
 
 
 
 
 



Example 3: 
 
Simplify. 

a.  
963 zyx   b.  3 105216 yx   c.  4 1510864 zyx  

 
Solution: 

a. Because of the nice relationship between radicals and fractional exponents, we should try 
to find a way to make the powers under the radical become multiples of the index.  If we 
do so then they would easily simplify.  Since there is no index shown, it is a two.  So let’s 
rewrite each variable as having a power that is a multiple of two, times whatever else we 
need.  We do so as follows 

zzxyxzyx 862963   

Now we can group together all of the parts that have the “nice” powers in the front and all 
the extra stuff in the back. 

    xzzyxzzxyx 862862   

Using the product property for radicals we get 

     xzzyxxzzyx  862862
 

Notice that we can now simplify the front part as we did in example 1. 

   
 

xzzxy

xzzyxxzzyx

43

2
1

862862




 

All the powers under the radical are smaller than the index and so the radical is 
simplified. 

 

b. We will start by prime factoring the 216: 
33 32216  .  Now we continue as before, that 

is, make everything in the radicand have a power that is a multiple of the index times the 
left over stuff.  We proceed as follows 

 

 

3 23

3 23

3 23
1

9333

3 23 9333

3 293333 105

6

32

32

32

32216

yxxy

yxxy

yxyx

yxyx

yxyxyx











 

Notice, since the index is odd, the negative under the radical can just be carried out since 
we know that answer will be negative. 

 
c. Lastly, we proceed as we have for all the other examples. 

 

 
4 32322

4 324
1

12884

4 3224 12884

4 32212884

4 1510864 15108

42

42

22

22

264

zyzyx

zyzyx

zyzyx

zyzyx

zyxzyx











 



 
So again, the key to the first part of simplifying radicals is to rewrite the powers under the radical 
as multiples of the index.  The remaining parts we can deal with when we revisit division of 
radicals.  
 
Therefore, next, we need to take a quick look at performing basic operations on radicals. 
 
In general, doing operations on radicals is done in the same manner as polynomials are.  For 
adding and subtracting, we simply need to “combine like radicals”.   
 

Definition: Like Radicals 
Two radicals are like radicals if they have the same index and same radicand.  That is, if 
everything after the coefficient is exactly the same, then the radicals are like. 

 
Of course, in order to tell if two radicals are like, they first need to be in simplest form. 
 
So to combine like radicals we just add or subtract coefficients, just as we did for polynomials. 
 
Example 4: 
 
Perform the indicated operations. 
 

a.  yy 123     b.  bb 7518    

c.  yxyyx 98322 32    d.  3 33 43 43 243814242 yxyyxyx   

 
Solution: 
 

a. Notice first that these are like radicals.  So we simply need to add the coefficients to get 

yyy 15123   

 
b. First we need to simplify each of the radicals as we learned in the last section.   

bb

bbbb

3523

325297518




 

Since the radicand is different, the radicals are not like.  Therefore we cannot combine 
them and we are finished with the problem. 

 
c. Again, we will simplify the radicals and combine them if they are like. 

   

yxy

yxyyxy

yxyyxy

yxyyyxyxyyx

2

2728

27242

249216298322 2232









 

 
d. Lastly, we proceed as we did above, simplifying and combining. 

     

3

333

3 33 33 333 33 43 43

310

3631234

3833274382243814242

yxy

yxyyxyyxy

yxyyyxyyxyxyyxyx







 



For multiplying radicals we really want to use the product property discussed earlier, backward, 

that is as nnn baba  .  This means to multiply radicals, we simply need to multiply the 

coefficients together and multiply the radicands together.  Then simplify as usual. 
 
Example 5: 
 
Multiply. 

a.  
433 105 yxyx     b.  

4 354 42 1236 baba   

 
Solution: 
 

a. We simply multiply the radicands and simplify. 

 

yyx

yyx

yxyxyx

25

225

50105

23

46

56433







 

 
b. Again, we proceed as above. 

 
4 33

4 333444

4 774 354 42

272

32

4321236

baab

baba

bababa







 

 
 
Now, in order to multiply expressions containing more that one term, we will simply multiply as we 
did with polynomials in the past.  That is, we multiply each term in the first expression by each 
term in the second expression, and simplify. 
 
Example 6: 
 
Multiply. 
 

a.   5yy     b.   242 x    

c.    42314      d.    yxyx 3232   

 
 
Solution: 

a. Since we are to multiply as we did with polynomials, we need to use the distrubutive 
property here.  We must always keep in mind, though, that to multiply radicals we multiply 
the radicands.  So we get 

 

yy

yy

yyyyy

5

5

55

2







 

 
b. In this example we have to remember that we cannot pull an exponent though a set of 

parenthesis if the operation inside is addition or subtraction.  Instead we need to write out 
binomial twice and then multiply out as we did before.  That is with either the FOIL 



method or multiplying each term in the first expression by each term in the second.  We 
get 

 

    

16282

16284

44242422

424242

2

2









xx

xx

xxxx

xxx

 

 
c. This time we simply proceed like we did in part b.  Multiply each term in the first by each 

term in the second.  This gives 

  

122314472

122314428

432314421442314







 

 
d. Again, proceed like we did above.  

  

yx

yxyxyx

yyxyyxxxyxyx

92

923234

332332223232

22







 

 
 
To divide we need to start with the following property. 
 
 

Quotient Property of Radicals 

If n a  and n b  are real numbers then, 
n

n

n

b

a

b

a
  

 
We will now need to deal with the second and third parts of the simplifying rule given earlier.  It 
should be clear that to deal with the second part (No fractions are underneath the radical) we 
simply use the quotient property of radicals stated above.  However, to deal with the last part is a 
little more complicated. 
 
Most of the time, we will not just be able to use the quotient property and be done.  Mostly, a 
radical is left “stranded” on the denominator.  To deal with this we use a process called 
rationalizing the denominator.  In general, we have the following rule. 
 

To rationalize the denominator we multiply the numerator and denominator by something that 
will clear the radical from the denominator. 

 
We will need to call upon all that we have learned thus far about radicals to do this rationalizing 
the denominator. 
 
 
 
 



Example 7: 
 
Simplify.   

a.  
x2

1
 b.  3

7

316

y

z
 c.  

4

2

4

3

u

u
 d.  

32

3




 e.  

yx

yx

43

43




 

 
Solution: 

a. To rationalize the denominator we need to multiply the numerator and denominator by 

whatever it takes to get the radical to drop off.  In this case we can use x2 .  Since we 

can notice that xxxx 2422 2  .  So we proceed as follows 

x

x

x

x

x 2

2

2

2

2

1
  

 
b. Again, we will split the radical to begin the problem.  This time, however, we will need to 

simplify both numerator and denominator before we think about rationalizing the 
denominator.  We proceed as follows. 
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3

3 6
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3 3

3
7

3
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z
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z

y

z

y

z







 

Now we need to rationalize the denominator.  Remember, we will need to multiply by 
whatever it takes to get the radicand to have a 3rd power (so that it will match the index).  

We see clearly we will need a 3 2y .  So we get 

    

3

3 2

3 32

3 2

3 2

3 2

32

3

22

2222

y

yz

yy

yz

y

y

yy

z





 

 We can do no more reducing.  Therefore, the radical is completely simplified. 
 

c. Lastly, we notice that the radical in this example does not simplify.  Therefore we will 
merely have to rationalize the denominator and reduce.  Since this time we have an index 
of 4, we will need to make each value in the radicand have a 4th power.  We know that    

4 = 22.  So we clearly use 
4 34u .  We get 



2

43

2

43

16

43

4

4

4

3

4 3

4 32

4 4

4 32

4 3

4 3

4

2

uu

u

uu

u

uu

u

u

u

u







 

In the last step we canceled a u on top and bottom since they we both outside the radical.  
We must always make sure we do any canceling that is possible to ensure that we end 
up in simplest form. 
 

d. In this case, we need to multiply the numerator and denominator by what is called the 
conjugate of the denominator.   
 

Definition: Conjugates 

The expressions dcba   and dcba   are called conjugates.  Conjugates always 

have a product that is “radical free”. 

So, the conjugate of the denominator is 32 .  So we get 

 
 
 

336

1

336

332324

336

32

32

32

3



















 

 
Now that we have no more common factors and all radicals are simplified, the expression 
is completely simplified. 

 
e. Lastly, we rationalize as we did above. 
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yxyx
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yxyxyx
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16249

1612129
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43
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Since the operation on the numerator and denominator is subtraction, we cannot cancel 
the 9x or the 16y.  Remember, we can only cancel under the operation of multiplication.  
So we have fully simplified the expression. 

 
 
Now, let’s have a quick review of the complex numbers.  Recall, that we cannot have a negative 
under a square root, since the square of any positive or negative number is always positive.  In 
this section we want to find a way to deal with an expression that does have a negative under a 
square root. 
 
We start with the following definition 
 
 



Definition: The imaginary unit 

The imaginary unit, i , is defined as 1i .  Therefore, 12 i . 

 

Also, we can notice that iiii  123
, 111224  iii  and iiiii  145

. 

 

So we can easily simplify any power of i  since every 4th power is just 1.  Also, we can see that 

we should always end up with an expression that has a power of i  that is at most 1. 

 
More importantly, since we are now dealing with a negative under a square root we need to know 
how to properly simplify radicals with this in mind.  So we have the following property. 
 

Property of negative square roots 

ciccc  11  

 
We use this property to simplify square roots that contain negatives. 
 
Example 8: 
 
Simplify. 

a.  9    b.  75    c.  14725   

 
Solution: 

a. We can simply use the property to simplify as follows 

i

i

i

3

3

99







 

  

b. Again, we can “remove” the negative from under the radical by pulling it out as an i  and 

then simplify the resulting expression.  We get 

35

35

325

7575

i

i

i

i









 

Note: Textbooks differ on the position of the i  in a problem of this type.  Most put the i  in 

the back of the expression.  However, we choose to put it between the coefficient and the 

radical to remove any possible confusion of whether or not the i  is under the radical.  If 

we were to write as i35  it can appear that the i  is part of the radicand. 

 

c. Again, we will pull or the i  and then continue to simplify. 

375

34925

1472514725

i

i

i







 

Since we do not have like radicals we cannot combine the remaining terms and thus are 
finished. 

 



Now that we have a familiarity with the imaginary unit, we can introduce the number system 
which it generates.   
 

Definition: Complex Numbers 

A number of the form bia  , where a  and b  are real numbers and 1i  is called a 

complex number.  a  is called the real part and b  is called the imaginary part.  A complex 

number written with the real part is first and the imaginary part is last is in standard form. 

 
We want to be able to perform basic operations on these complex numbers.  Its actually very 

simple.  We simply need to remember that i   is really a radical and 12 i .  With this in mind, 

we can simply add, subtract and multiply as we did in the earlier part of the chapter.  We simply 

need to make sure that we simplify all of our powers of i .   

 
Example 9: 
 
Perform the operations.  Put your answers in standard form. 

a.     ii 74210   b.     ii 1025021   c.   ii 6810   

d.    ii 15253    e.  
i

i

35

17


   f.  

i

i

54

54




 

 
Solution: 

a. As we said, we can simply perform operations as we did earlier in this chapter.  So that 

means we need to combine like radicals.  In this case, the terms containing i  would be 

like.  So we get 

   

i

iiii

56

7421074210




 

 
b. This time we need to start by distributing the negative, then combine the like radicals.  

This gives 

   

i

iiii

6023

10250211025021




 

 
c. Now, to multiply complex numbers it is actually easier to just treat them as polynomials 

and then just simplify the powers of i  by remembering that 12 i .  So we get 

 
 

i

i

i

iiii

8060

6080

16080

60806810 2









 

Since we wanted the answers in standard form, we needed to write the real part first 
followed by the imaginary part. 

 
d. Again, we will multiply as if these were polynomials and simplify the result.  Always 

remember 12 i .  This gives 

  
 

i

i

i

iiiii

3581

75356

175356

751045615253 2









 



 
e. We can simplify this problem by multiplying numerator and denominator by the conjugate 

of the denominator as we did before.  Then we just need to simplify and reduce. 
 We proceed as follows 
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i
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i

i

i

i

 

 

i

i

i

2

5

2

3

34
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34
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34

8551








 

 
f. Again, we simply multiply numerator and denominator by the complex conjugate of the 

denominator and then simplify and reduce.  Notice that the conjugate is in fact the 
numerator, but we need not be concerned with that.  We simply multiply it out as we 
learned before.  We get 

 
 

 
 

 

i

i

i

iii

i

i

i

i

41

40

41

9

41

409

2516

1254016

54

25202016

54

54

54

54
22

2
























 

 
 
Finally, we need to review radical equations. 
 
To do this we need the following property. 
 

n-th Power Property 

If ba  , then 
nn ba  . 

 
Basically, this property tells us we can raise both sides of any equation to any power we would 
like.  However, we must be careful.  Be careful to raise the entire side to the n-th power, and we 
must always check our answers to avoid extraneous solutions. 
 
Example 10: 
 
Solve. 

a. 945 x    b.  134  x   c.  xx  21   

d.  12352  xx  



 
Solution: 

a. We can use the n-th power property to get rid of the radical.  Since we have a square 
root, we should use the second power, i.e. we should square both sides of the equation.  
Then we can solve like usual.  We get 

   

17

855

8145

945

945

22











x

x

x

x

x

 

Now we must check our answer.  We do this in the original equation.  If the value does 
not check, then we eliminate it and would have no solution.  We get 

     

 

99

981

9485

94175









 

 Since the value checks, our solution is set  17 . 

 
 

b. Finally, we need to raise both sides to the 4th power since we have a 4th root.  We get 

 

   

2

2

13

13

13

44
4

4











x

x

x

x

x

 

 Check: 

    

11

11

123

4

4







 

Since it does not check, 2 can not be a solution to the equation.  Therefore, we have the 
equation has no solution. 

 
c. We can begin by squaring both sides.  Must, however be very careful with squaring the 

right side since it has two terms.  It generally makes it easier to square properly by writing 
the entire side out twice and then multiplying as we learned in section 8.4.  We get 

   
  

 
xxx

xxxx

xxx

xx

xx











441

2241

221

21

21

2

22

 



Notice that we are left with another equation that has a radical.  Therefore, we need to 
isolate again and square again.  In this case however, it is easier to simply isolate the 
term containing the radical and the carefully square both sides.  We can then continue 
solving as usual. 

    

   

x

x

x

x

xx

xxx













16
9

22

169

43

43

44

441

 

 Check: 

    

4
5

4
5

4
3

16
25

16
9

16
9

2

21







 

 Since the solution checks, the solution set is  
16
9 . 

 
d. Finally, we must start by isolating one of the two radicals in this equation.  We will choose 

to isolate the positve one.  Generally we isolate the more complicated radical in order to 
eliminate it first.  However, either could be isolated and still produce the correct solutions.  
Once we have isolated the radical then we can square both sides very carefully and then 
continue as usual.  We get 

   
  
 

   
    

8123612

8123666

23466

2326

2326

2321352

12322352

123232352

12312352

12352

12352

2

2

22

2

22























xxx

xxxx

xxx

xx

xx

xxx

xxx

xxxx

xxx

xx

xx

 

Recall, to solve an equation that has a squared term we must solve by factoring.  That is, 
we get all terms on one side, factor and set each factor to zero.  This gives 



             

222

02022

0222

04424
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2
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xxx

 

 Now we must check both answers and keep only those which work 
 Check: 

  

   

11

187

16449

1266544

122235222











  

   

11

123

149

12654

1223522











 

So, 22 does not check but 2 does.  Therefore, the 22 is an extraneous solution.  So our 

solution set is  2 . 

 
 

R.6 Exercises 

 
Evaluate. 

1.  2
1

4    2.  2
1

16   3.    3
1

8   4.    3
1

64  

5.  5
1

1    6.    7
1

1   7.  4
3

16   8.  4
3

81  

9.    2
3

36   10.    2
5

9   11.  
5

2

32

1








  12.  

2
3

9

25








 

 
Simplify.  Assume all variables represent positive values. 

13.  
2x   14.  3 3y   15.  

3 9a   16.  
4b  

17.  8   18.  12   19.  18   20.  158  

21.  
53 yx   22.  

47 yx   23.  
3 106ba   24.  3 142 yx  

25.  4 151348 yx  26.  4 710144 yx  27.  3 201010100 zyx  28.  3 8910250 zyx  

29.  188     30.  12227    31.  
33 1654 xx   

32.  3 23 2 4862 yxyx   33.  
232 49 yxxyx   34.  

32 8185 babab   

35.  44 24348    36.  
44 5 19232 ttt    37.  

33 4 5416 ttt   

38.  
3 53 5 486 xx    39.  

44 32 927 abba   40.  4 324 6 68 yxyx  

41.   2zyx    42.   222 ba    43.   24ba    

44.   219 x    45.    322  xx   46.    aa 472    

47.    8223    48.    31271   



49.     2   50.    mnmn  43  

51.    qpqp 232     52.    yxyx  237  

53.  4

5

9x

y
  54.  4

4

5

y
  55.  5

3

2

3

2

y

x
  56.  5

2

3

4

15

a

b
 

57.  
32

7


  58.  

22

5


  59.  

1x

x
  60.  

12

2

y

y
 

61.  
32

1


  62.  

25

5


  63.  

yx 2

5


 64.  

ut 2

6


 

 

65.     ii 518517   66.     ii 430420   67.     ii 314315   

68.     ii 513512   69.    ii  447   70.    ii 5625   

71.    ii 3425    72.    ii 5436    73.  
i

i

1
 

74.  
i

i

3

3
   75.  

i

i

21

32




   76.  

i

i





1

34
 

 
Solve. 

77.  3253 x   78.  5812 x   79.  32343 x   

80.  35313  x   81.  0243 2 x   82.  0323 2 x  

83.  114  xx   84.  xx  223   85.  xx  2  

86.  1223  xx   87.  bb 3192   88.  xx  21  

89.  963  zz  90.  52234  xx  91.   1515  tt  

92.  xx 2342   


