
10.3 The Quadratic Formula  
 
We mentioned in the last section that completing the square can be used to solve any quadratic 

equation.  So we can use it to solve 02  cbxax .  We proceed as follows 

   

a

acbb
x

a

acb

a

b
x

a

acb

a

b
x

a

acb

a

b
x

a

c

a

b

a

b
x

a

c

a

b

a

b
x

a

b
x

a

c
x

a

b
x

aa

c

a

bx

a

ax

cbxax

2

4

2

4

2

4

4

2

4

4

2

42

2

1

2

1

0

0

2

2

2

2

2

22

2

22

22

2

2

2

2

























































 

The last line of this we call the quadratic formula. 
 

The Quadratic Formula 

The solutions to the quadratic equation 02  cbxax  are given by 
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 . 

 
Since we got this formula by completing the square, and completing the square always works, the 
quadratic formula will always work.  Also, since it is much easier to use than completing the 
square (as we will see later), solving quadratic formulas with the quadratic formula is the 
preferred method. 
 
There is one special part of the quadratic formula that can help us determine the type of solutions 

we have.  It’s the expression acb 42  .  We call it the discriminant. 

 

The Discriminant acb 42   

1. If acb 42  > 0, the equation has two distinct real number solutions. 

2. If acb 42  < 0, the equation has two distinct complex number solutions. 

3. If acb 42  = 0, the equation has one real solution given by 
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This seems fairly clear if we just notice that the discriminant is the expression under the radical.  
When the value under a radical is positive we get real numbers and when its negative we get 



complex numbers.  Thus that characterizes the solutions.  For the last case, if the value under the 

radical is zero, since 00   and 00   we lose the whole back part of the quadratic formula 

and just get left with the value 
a

bx
2

  which is one real number value. 

 
Example 1: 
 
Determine the type of solutions the equations have 

a.  0252  xx   b.  022 2  xx   c.  0144 2  xx  

 
Solution: 
a. In order to determine the type of solutions to the equation we must evaluate the discriminant. 

So to do that we must first determine the values of a, b and c.  Since our equation is in 
standard form (everything on one side, zero on the other side) we can simply read these 
values off they are always in order when the equation is in standard form.   

Since our equation is 0252  xx , we can see 1a , 5b  and 2c .  So we 

evaluate the discriminant as follows 
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Since the value is positive, we know that the equation must have two real number solutions. 
  

b. Again, the equation is already in standard form.  So 2a , 1b  and 2c .   

So evaluating the discriminant we have  
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Since the value is negative, we know that the equation must have two complex number 
solutions. 

 

c. Finally, we see 4a , 4b  and 1c .  So 
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Since the value is zero, we know that the equation must have one real number solution. 

Furthermore, we know that solution is   2
1

42
4

2
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Lets do some solving with the quadratic formula. 
 
Example 2:  
 
Solve the following using the quadratic formula. 

a.  012 2  xx   b. 10155 2  uu    c.    2611 yyy   

 
Solution: 



To solve using the quadratic formula we first need the equation in standard form.  Then, similar to 
the discriminant examples, we can simply read the a, b and c values off of the equation since the 
come in order. 
 
a. Notice that this equation is already in standard form.  So since our equation is 

012 2  xx  we can see clearly that 2a , 1b  and 1c .  We now simply need to 

insert the values into the quadratic formula and simplify the expression as much as possible. 
We get 
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So our solution set is 
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b. First we will put our equation into standard form by moving the 10 over.  We get 

010155 2  uu  

Now we can see 5a , 15b  and 10c .  Plugging these values into the 

quadratic formula gives us 
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So our solution set is 
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Notice on this problem that the variable for which we were solving was u, therefore, when 
using the quadratic formula we had to use  
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  instead of 
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 .  It’s a subtle difference but an 

important one we will see in the example 3. 
 

c. Finally, we start by getting the equation into standard form as follows 
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 So we have 5a , 1b  and 1c .  Plugging into the quadratic formula gives 
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So our solution set is 
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Finally, we can also use the quadratic formula to solve quadratic equations that have more than 
one variable involved (called Literal Equations). 
 
To do this we just treat all other variables as if they we just numbers and solve using whichever 
technique seems fitting.  If we decide on using the quadratic formula we must be very careful 
about how we choose the values of a, b and c. 
 
Example 3: 
 
Solve the equations for the specified variable. 

a.   2
1 rPA   for r     b.  

222 rrhA    for r  

 
 



Solution: 
a. For this equation, since we are solving for r  it seems that extracting roots would be the most 

efficient method.  So we will proceed as follows 
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b. This time, the most direct method is the quadratic formula.  So we start by getting the 

equation into standard form.  That is 
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The variable we are trying to solve for is r .  So we need to treat everything else like a 
constant.  So it might be useful for us to visualize the equation as 

         022 2  Arhr   

This way we can see that 2a , hb 2  and Ac  .  So into the quadratic formula 

we get   
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So, 
5

222 Ahh
r

 
 . 

In this example we can see the importance of correctly labeling the variable for the 
quadratic formula since there are a number of variables involved in the problem. 

 
 
 



10.3 Exercises 

 
Determine the type of solutions the each of the following equations has. 

1.  0272  xx   2.  0472  xx   3.  022  xx  

4.  012  xx   5.  05183 2  xx   6.  0283 2  xx  

7.  0498436 2  xx  8.  09124 2  xx   9.  xx 4132   

10.  832  xx  

 
Solve the following using the quadratic formula. 

11.  0262  xx   12.  0352  xx   13.  0842  aa  

14.  0432  xx   15.  0252 2  xx   16.  063 2 uu  

17.  04104 2  xx   18.  014335 2  xx  19.  yy 1366 2   

20.  172 2  xx   21.  235 2  bb   22.  123 2  xx  

23.  263 2  xx   24.  xx  32 2
  25.  xx 2132   

26.     15322  vvv  27.     232  xxx  28.     12324  ttt  

29.    ppp 321 22
  30.    22

2
 yy   31.     22

521  xx  

32.     22
232  xx  33.      03513

22
 xx  34.      02312

22
 xx  

35.  02.03.02  xx  36.  003.04.02.0 2  xx  37.  022.021.0 2  xx  

38.  02
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3
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12

3
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Solve by any appropriate method. 

41.  9182  xx     42.  0362  xx    

43.  01.023.0 2  yy    44.  001.024.035.1 2  uu    

45.  
2228 xx      46.  9742 2  zz   

47.     3123  xx    48.     1092  xx   

49.    2503
2
v     50.    045

2
x   

51.    02714
2

y     52.    036325
2

 xx  

53.      0183182  yyy    54.      05105  xxx     

 
Solve for the indicated variable. 

55.  
26sA   for s     56.  

222 cba   for b  

57.  
2222 dcba   for c    58.  

2

2

0

gt
tvs   for t  

59.  
2

32 kk
N


  for k    60.  rsrA   2

 for r  

61.   nnN  2

2
1  for n    62.   2

0 1 rAA   for r  

63.  
232 TTA   for T    64.   22

3
1 rRV    for r  

65.      222
rkyhx   for x   66.  

   
1

2

2

2

2







b

ky

a

hx
 for y  

67.    khxay 
2

 for x    68.     212

2

12

2 yyxxd   for 2x  


